A novel closed-form solution is presented in this paper for the estimation of displacements around circular openings in a brittle rock mass subject to a hydrostatic stress field. The rock mass is assumed to be elastic-brittle-plastic media governed by the generalized Hoek-Brown yield criterion. The present closed-form solution was validated by employing the existing analytical solutions. Results of several example cases are analyzed to show that, with the simplified assumption, a novel closed-form solution is derived and found to be in an excellent agreement with those obtained by using the exact integration method with mathematical software. Parametric sensitivity analysis is carried out and the parameter tends to be the sensitive factor. As a closed-form solution that does not require transformation technique and the use of any numerical method, this work can provide a better choice in the preliminary design for circular opening.
Introduction
Analysis for the stress and displacement around a circular opening is a common problem widely used in geotechnical, petroleum, and mining engineering. For this reason, a large number of analyses of circular tunnel in an infinite medium subjected to a hydrostatic in situ stress have been presented by considering different models of material behavior, such as the ideal plastic, brittle plastic, strain-softening models, with the different yield criteria like the linear Mohr-Coulomb yield criterion and the nonlinear Hoek-Brown criteria. Detailed reviews of such works can be seen in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Although there are numerical solutions for stresses and displacements such as FEM, but a closed-form solution is still preferred in a preliminary design.
The Hoek-Brown failure criterion is an empirical criterion based on triaxial behavior of rock mass, large scale tests, and experience [12] . Over the past several decades, the HoekBrown criterion has been widely used in rock engineering, especially for a jointed rock mass where the Mohr-Coulomb failure criterion is not valid. Meanwhile, the Hoek-Brown failure criterion has changed several times and is found to be suitable ranged from hard rock masses to poor qualities of rock masses now [13] .
The latest generalized Hoek-Brown yield criterion can be expressed in the following form [14] :
where 1 and 3 are the major and minor principal stresses, respectively; is the uniaxial compressive strength of the intact rock; is a reduced value of the material constant and is given by
where and are constants for the rock mass given by the following relationships: In the equations above, is a material constant for the intact rock, GSI is the Geological Strength Index of the rock mass, and is a rock mass disturbance factor. The ranges of GSI and are normally as follows: 10 ≤ GSI ≤ 100 and 0 ≤ ≤ 1. The value of GSI = 100 represents an extremely poor quality of rock mass, and = 1 corresponds to a highly disturbed rock mass. For GSI = 100, the value of the constant is equal to 0.5. In this case, the generalized failure criterion can degenerate to the original Hoek-Brown failure criterion.
For the axial symmetry of the problem, the radial and tangential stress are the principle stresses; namely, 1 = and 3 = . The criterion for the rock mass can be expressed as follows:
= + ( + ) for postpeak strength, (5) where , , , and are the residual values of HoekBrown constants for the yielded rock.
For a circular opening in generalized Hoek-Brown media, Canrranza-Torres [2] developed analytical solutions for displacements and stresses based on a transformation technique. The solution is a second-ordered differential equation requiring the use of numerical methods. Sharan [7] obtained exact and closed-form solutions without using any transformation. Closed-form solutions proposed by Sharan [7] were derived approximately by considering the plastic zone as the thickwalled cylinder. However, it has a relatively high error in large displacements.
Based on the elastic stress-strain relationship, this note proposed a closed-form solution for the prediction of displacement around a circular opening in an elastic-brittleplastic rock mass compatible with a nonlinear Hoek-Brown yield criterion and a nonassociate flow rule. Comparing the closed-form solutions presented by Sharan [7] , the results of this work were found to have a better performance.
Analysis of Stresses and Displacements

Analytical Solutions for Stresses.
A circular opening in a homogeneous infinite isotropic Hoek-Brown rock mass subjected to a hydrostatic in situ stress 0 was employed in this paper. The internal pressure 0 acts on the surface of the tunnel uniformly ( Figure 1 ). It is known that the rock mass was in elastic state before excavation. The internal pressure is gradually decreased after excavation and the plastic zone will appear when the elastic limit is reached. For the brittle behavior of rock mass, the strength of rock drops suddenly and obeys the postyield softening criterion.
The differential equation of equilibrium for the axisymmetric problem can be written as
In plastic zone, the stresses are governed by (5) . The stresses in the plastic zone can be derived by substituting (5) into (6) with the consideration of the boundary condition = 0 at = 0 :
where
The radial stress at the interface of elastic and plastic zone can be expressed as follows [6, 15] :
where = 0 + ,
Thus, the radial of plastic zone can be obtained by substituting (10) into (7).
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The radial and tangential stresses in the elastic zone can be derived easily by solving the following equations:
2.2. Analytical Solutions for Displacements. As for the solutions for the displacement, there are three cases. The first case is the assumption of the constant elastic strain in the plastic region, the second case is considering the plastic region as the thick-walled cylinder subjected to the inner stress and the outer stress, and the third one is using the stress-strain relationship strictly. The first two techniques are approximate methods. The last method is accurate but it cannot be solved in a closed-form solution. In most cases, the third case is chosen in the calculation of the deformation of the opening [9] [10] [11] . Here, we propose a novel closed-form solution with high accuracy based on the stress-strain relationship.
In the plastic region, radial and tangential strains, and , can be divided into elastic and plastic parts:
The strains can be expressed in terms of inward radial displacement as follows:
= .
By using the small deformation theory and a nonassociate flow rule, the plastic parts of radial and tangential strains for the plane strain condition have the relationship as
By combining (13) and (16), the function of radial displacement can be written as
where ( ) = + . The boundary condition for the radial displacement at the interface of elastic and plastic zone can be expressed as
With the consideration of the continuity of radial displacement, the differential equation can be expressed as follows:
By using the elastic stress-strain relationship, the elastic strains can be written as follows with the consideration of initial hydrostatic stress:
By substituting (7)- (8) into (22), the expression of ( ) can be written as
After the acquisition of ( ), it can be easily found that the equation cannot be solved analytically. As for the generalized Hoek-Brown criterion, the constant is found to be nearly 0.5, and the value of 3 is around 2. Hence, an approximation [ 1 + 2 ln( / 0 )] 3 −2 = 1 can be assumed and the displacement of the circular opening can be solved approximately in a closed-form based on the mathematical analysis [16] : Besides, the radial displacement 0 at the opening surface can be derived by substituting = 0 into (25):
Validation and Sensitivity Analysis
Validation.
In order to validate the accuracy of this novel closed-form solution, the results of this work and that of Sharan [7] based on the second assumption are listed. Five different examples of rock masses referenced from his paper were employed in this study. Examples A and B correspond to very good and average qualities of rock masses, respectively. Examples C-E correspond to very poor quality of rock mass.
The related parameters of generalized Hoek-Brown criterion were the same as in [7] . Basic properties of rock mass used for numerical tests are listed in Table 1 . From the derivation of the closed-form solutions, it can be seen that the stresses and the radius of the elastic-plastic interface of the two studies are the same. Thus, this paper concentrated on the discussion of radial displacements. The results calculated by Sharan [7] and our newly closed-form solution were shown in Tables 2,  3 , and 4. For all the cases analyzed, the results calculated by the closed-form solution proposed in this note were more close to the exact solutions than those by Sharan [7] . For a nondilating rock mass, both the solutions proposed in this note and by Sharan [7] for displacements 0 are identical Tables 2-4 , the closed-form solutions in this paper can be employed as a better simple method in preliminary design with a high accuracy.
Sensitivity Analysis.
The sensitivity of each parameter on the overall result is discussed by using a control variable method. We take the parameters of a very good rock mass with a dilation parameter = 1.2 as the reference. A rangeability of 20% for each parameter with the in situ stress of 75 MPa and support pressure of zero is applied in the sensitivity analysis. By using the method proposed in this paper when the support pressure is zero, we compute the sensitivity of the different parameters and the results are shown in Figures 2 and 3 .
As for conventional mechanical parameters, the deformations are sensitive to the residual uniaxial compressive strength parameter . For the Hoek-Brown parameters, the residual variable has a great influence on the overall result. Therefore more attentions should be paid to the estimation of residual variable in the preliminary analysis. 
Conclusions
A novel closed-form solution for a circular opening in rock mass governed by generalized Hoek-Brown failure criterion is proposed in this paper. Unlike the existing solutions 6 Mathematical Problems in Engineering for the displacement in the plastic zone which are derived approximately by considering the plastic zone as the thickwalled cylinder, the solution presented in this paper is based on the exact elastic stress-strain relationship without any transformations. By analyzing several practical cases, results show that the closed-form solution proposed in this note has a higher accuracy than Sharan [7] with a maximum error of 2.3% for all cases. Therefore, the work proposed in this paper can be employed as a simple method in preliminary design for circular opening.
